In this study, we propose to define a connectivity factor as the inverse of the diffusional tortuosity to measure quantitatively the connectivity of whatever type of structure. The concept of connectivity used here is related to the diffusional accessibility of the structure voids. This definition of connectivity factor arises from the consideration that, if we ideally imagine to decrease progressively the porosity of a regular structure, the porosity itself reaches a limit value below which the inner pores are not interconnected anymore. This leads to an evident situation of zero connectivity and infinite tortuosity, where there is no continuous diffusion path able to connect the structure voids. According to the proposed definition, the connectivity factor is comprised within [0, 1], with zero corresponding to a completely disconnected structure and unity to a completely connected one. To show the efficacy of the presented approach, a case study on the regular structure of mono-sized (mono-disperse) spherical particles (Simple Cubic (SC), Face-Centred Cubic (FCC), Body-Centred Cubic (BCC) and Tetragonal structures) is provided. In particular, the tortuosity of such structures is evaluated by Computational Fluid Dynamics simulations, calculating the connectivity factor consequently. The morphological modification with porosity is induced by changing the surface-surface interparticle distance, allowing us to take both positive (detached particles) and negative values (overlapping particles). For each structure, a comparison between the calculated trends and some correlations of literature is made, and a novel "hidden" morphological parameter has been identified, that is, the here-called Limit Porosity Value, below which the connectivity is zero. The presented approach represents a systematic methodology to quantify the connectivity of any structure and to compare the morphology of membranes, catalysts, and porous media in general.
Introduction
It may be redundant to say that a correct characterization of mass transport phenomena occurring in particle assemblies, membranes, and porous media is crucial in a number of applications in engineering, chemistry, and physics. The fluid path through a catalyst and/or adsorbent particle beds can severely affect the performance of a mass transfer-based process, and a number of works of literature are aimed at optimising the catalyst distribution [1] [2] [3] [4] [5] .
However, for this purpose, it is required to understand not only the dependence of the transport properties on the operating conditions (temperature, pressure, etc.) but also the morphology of the structure, which are characteristics involving several important geometrical parameters, like specific area, porosity, tortuosity, etc.
Among such parameters, relatively minor attention is paid to the so-called connectivity of a structure, representing a property measuring a sort of degree of connection of the inner voids. However, if the meaning of connectivity is relatively intuitive, its formal definition and quantification are not obvious at all. For example, Leichtner et al. (2015) provide a sort of quantification of connectivity by reconstructing the considered structures through image analysis techniques, classifying all the inner void channels into connected, disconnected, and unknown voids, and simply evaluating the percentage of the connected void volume to the total volume [6] . Slightly differently, Promentilla et al.
(2009) defined a connectivity factor in terms of percentage of voxels connected in all directions [7] . However, the drawback of these approaches is that they cannot be applied to all the cases in which there are experimental evaluations of tortuosity [8] [9] [10] [11] [12] [13] , where there are no voxels that it is possible to analyse directly.
In informatics, connectivity of a communication network is generally related to the ease for nodes of exchanging information pieces, which are transported along available branches (i.e., connection paths). By analogy, the connectivity of a physical structure can be defined as the ease for a particular phenomenon of propagating within a particular mean.
From this point of view, the key-concept to understand in defining a proper connectivity factor for a material is that, in principle, connectivity depends on the particular transport phenomenon involved in the transfer. This can be understood if considering that, for example, two generic internal points inside a porous structure belonging to solid and void volume, respectively, are disconnected with respect to diffusion but connected with respect to heat transfer.
In this work, we are interested in quantifying the connectivity that measures the degree of physically connected voids, where at least one path exists along which a hypothetical molecule can reach any two points of the void space by diffusion without interpenetrating into the solid space (allowed path, Figure 1a ). We can refer to this type of connectivity as diffusional connectivity, whose mathematical definition must depend on geometry only to be effective for a morphological characterization. For this purpose, we choose and propose here to define a Connectivity Factor (ϕ) as the inverse of the diffusional tortuosity τ (Equation (1)):
It is highlighted that, according to Equation (1), the connectivity factor ϕ is comprised within [0, 1], this giving an immediate idea of the connectivity degree of the considered structure. Moreover, it is pointed out that the diffusional tortuosity considered in the present paper coincides with the tortuosity used to evaluate the effective diffusivity (Equation (2)) [14] [15] [16] [17] [18] :
where ε, D i and D i,Eff are porosity, free diffusivity, and effective diffusivity of the ith species, respectively. Some scholars prefer writing Equation (2) by distinguishing a more proper tortuosity factor τ as follows (Equation (3)):
However, such a distinction is not important for our purpose, as both parameters depend on geometry only. Therefore, we will use Equation (2) as the reference effective diffusivity definition, following the same approach as that of the pioneers of the volume average method [19] [20] [21] [22] .
The choice to define a connectivity factor as the inverse of tortuosity has been driven by several reasons. First, tortuosity can be viewed as a measure of the difficulty for a molecule to go from one point of a structure to another one within the available void space. Hence, the more the structure is tortuous, the less the connection between two voids is, whilst, on the contrary, a lower tortuosity implies a "more favourable" connection. In fact, as we will show in the following sections, tortuosity tends to infinity when a structure reaches a specific limit value of porosity (non-necessarily zero), below which all the internal voids are completely isolated from each other, as briefly sketched in Figure 1b . This situation can occur, for example, in real catalytic devices subjected to a high degree of sintering, resulting in a loss of specific area [23] . Second, as Kim et al. (1987) clearly state, the diffusional tortuosity is a parameter depending on geometry only [19] , and, consequently, the same holds also for the here-defined connectivity factor (Equation (1)), whose value is comprised within the range [0, 1] because of the tortuosity ranges within [1, ∞] .
Based on the previous considerations, we consider it straightforward to write the effective diffusivity in terms of connectivity factor ϕ (Equation (4)):
This is in line with the physical concept that the effective diffusivity increases with increasing connectivity, as one may expect from the dynamics of the mass transfer phenomenon. This allows us to further state that connectivity, and, dually, tortuosity, is not much related to the value of porosity, but rather to the porosity distribution within a structure.
We mention this fact because in a number of studies several scholars try to relate tortuosity and porosity to each other, as if this were generally possible [24] . However, this can be done only for the structures with a single geometrical degree of freedom, like regular structures of mono-sized spherical particles [25] , structures with porosity tending to unity (Maxwell, 1881) [26] , and infinitely-disperse random structures of particles (Neale and Nader, 1973) [27] . For other types of structures, the two parameters are completely independent of each other and, thus, should be evaluated independently.
After defining the connectivity factor, the next step for its quantitative measure consists in using a systematic way to evaluate tortuosity. In the past, tortuosity was generally considered a factor whose value was to be estimated by data regression. However, with the exponentially increased availability of computational resources and 3D image reconstruction tools based, for example, on computer tomography, a number of research groups have started to precisely evaluate tortuosity values of plenty of different structures by computational fluid dynamics and lattice-Boltzmann-based techniques (see e.g., [7, 23, 25, [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] ).
In the present investigation, this is done similarly to several literature papers considering the solution of the pure-diffusive problem [7, 25, [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] . The tortuosity values of the considered structures were calculated by Caravella et al. (2012) for non-overlapping particles [25] , whereas Kim and Chen (2006) calculated the tortuosity of the SC, FCC, and BCC structures considering also the overlapping cases [37] .
The general objective of this work is to provide a deeper insight into the structure morphology, linking the various geometrical parameters of the structure investigated, for which the concept of Limit Porosity Value is also introduced. Such a limit value represents the porosity value below which no diffusion is possible in the considered structure (i.e., a condition of completely disconnected voids).
Description of the System
The structures investigated-Simple Cubic (SC), Face-Centred Cubic (FCC), Body-Centred Cubic (BCC) and CaF 2 -type (Tetragonal)-are described in Figure 2 , where the overlapping case is shown for convenience of the reader. Such an overlapping/interpenetrating geometry can occur in some high-temperature thermal treating processes, such as particle sintering, and result in strength increase because of the reinforced ties given by interpenetration, but also porosity losses, due to the appropriation of void space made by growing grains.
Specifically, their unit cells are composed of mono-sized (mono-disperse) spherical particles, whose porosity is allowed to change by changing the interparticle distance δ (i.e., the distance between the closest particles), which can assume also negative values to allow particles to overlap.
As the considered structures are regular and mono-disperse, they have one degree of freedom, which means that, keeping the particles size fixed (e.g., the diameter d p ), morphology and topology are completely determined by a single dimensionless geometrical parameter, which in this study is chosen to be the following ratio: For BCC and Tetragonal structures, the overlapping occurs first between internal (blue-coloured) and external particles.
Simulation Settings

Stacks of Unit Cells
For simulation, the unit cells are stacked to form assemblies of three cells, in order to minimize numerical errors due to possible perturbations in the diffusive streamlines. As the morphology of the overlapping cases can be complex to visualise, we show the qualitative evolution of the structures from a lower overlapping degree (i.e., a lower negative value of δ*) to a higher degree (i.e., a higher negative value of δ*), as depicted in Figures 3-6 , where the solid volume represents the void interparticle volume. As can be observed, for higher overlapping degree, the void channels become progressively narrower and the structure morphology changes severely. In particular, the most peculiar change can be observed for BCC and Tetragonal structures, for which secondary holes are generated in the unit cell as the overlapping degree increases. From this point of view, there is almost no apparent relationship between starting and ending structure.
Computational Fluid Dynamic Approach
As mentioned above, tortuosity is here evaluated by solving the pure diffusion problem in a porous structure, using Fick's law (Equation (6)) as constitutive equation for the molar flux of a homogeneous binary gas mixture in the structure voids:
where D AB is the free diffusivity in a fluid without obstacles, while ∇C A is the concentration gradient. Simulations are performed using the CFD software Comsol Multiphysics ® , which provide as results the average diffusive flux between the two faces where the concentration has been set. From such information, the effective diffusivity is calculated as follows (Equation (7)):
where ∆C A , ∆z, A void and A Total indicate concentration difference, distance between faces, cross-sectional area available for diffusion (i.e., void area), and the total area (i.e., the nominal cell square area). Then, tortuosity is calculated as follows: Figure 7 is a sketch of the boundary conditions set for simulation, for which the impenetrability of the particle walls (i.e., zero normal flux) is set along with symmetry (i.e., zero flux) on the flat lateral boundaries of the cell stacks, and concentration values on the respective bases. 
Mesh Setup
Once the appropriate boundary conditions have been set, the computational mesh has to be constructed in order to carry out simulation. For this purpose, it is necessary to demonstrate the mesh-independency of the obtained results, this implies applying a systematic way to construct an effective and efficient mesh not requiring a too-heavy consumption of computational resources.
To do that, a preliminary test is performed by constructing two different meshes-referred to as coarser and finer-for the same non-overlapping FCC structure for a certain value of porosity sufficiently close to the condition of tangent particles (ε = 0.38319), which is the most severe condition for a mesh to be generated.
The results relative to the two meshes are reported in Table 1 in terms of tortuosity. As we can observe, the two values are equal up to the third decimal, which indicate that even the coarse mesh is effective for our calculation. However, to be conservative, in all simulations we used the finer-mesh type, that is, a mesh characterized by a minimum number of four elements between the closest boundaries (e.g., Figure 8a ). 
Results and Discussion
The primary simulation results are provided by the software in terms of concentration profiles within the cells stack. An example of results is shown in Figure 9 for an overlapping FCC unit cell stack, where the concentration profile mainly develops from the bottom (higher concentration) towards the top (lower concentration). From these data, the total diffusive flux normal to the surface at the top and the bottom of the stack is calculated in post-processing, thus giving all the information required to evaluate the effective diffusivity and, from that, the tortuosity (Equation (7)). Besides the meaning of the 3D profiles, an important aspect to notice is that the concentration gradient is steeper in the voids where boundaries are closer. This indicates that the diffusion resistance is mainly due to such zones of the stack, it implies that tortuosity, as well as connectivity, is determined by the shape of these narrow regions.
As voids become gradually narrower with decreasing porosity, the diffusion resistance increases; this causes a higher tortuosity and, thus, a lower connectivity. Therefore, in the limit case in which the volume of a narrow region becomes null, the diffusional path encounters a dead-end channel. If all channels become dead ends, the inner voids become completely disconnected islands (Figure 1b) and, thus, diffusional resistance and tortuosity become infinite (no diffusive flux possible).
Since the considered structures are regular, the condition of infinite diffusional resistance is reached at a specific porosity value-here referred to as Limit Porosity Value ε Lim -corresponding to the limit void volume that is not available for diffusion (V Lim , Equation (10)). Such a parameter can be considered a sort of "hidden" morphological property, as it is not apparent when voids are interconnected. The numerically calculated ε Lim for all structures are reported in Table 2 , from where we can observe as a mere coincident the very similar values of SC and FCC. To clearly show the geometry corresponding to the limit porosity, Figure 10 shows the completely disconnected island-shaped morphology of the structures. The results obtained in terms of tortuosity vs. porosity are shown in Figures 11 and 12 . The lower bound for the structure is represented by the model developed by Neale and Nader (1973) [27] for a homogeneous non-overlapping swarm of spheres, which is actually an ideal structure composed of an infinitely dispersed particles (Equation (9)).
It is curious as well as interesting that this expression is the same as that obtained by Maxwell (1881) , which is valid in the limit of porosity approaching unity. In the plot, we prefer indicating the dashed line as Neale and Nader's model instead of Maxwell's one since the former is virtually valid in the whole porosity range. Another fact to observe is that all the curves, which are reported on log-scale on the y-axis (here represented by the actual calculated values) show a more or less large convex portion (i.e., negative second derivative), which means that the tortuosity trend increases with decreasing porosity with a functionality less than exponential. A possible reason for such a behaviour is that, just after particles start overlapping because of decreasing inter-particle distance, the narrow channels present just before overlapping disappear because of the surface-surface merging, resulting in a certain limitation for tortuosity to increase. However, as porosity goes on decreasing, such a tendency is over-compensated by the size decrease of the larger void channels. As such voids become smaller and smaller, the tortuosity value increases, tending to infinity for channel section tending to zero (higher overlapping degree, Figures 3, 4 , 5 and 6d). Figure 12 shows an overall comparison among the trend of all the considered structures along with several empirical expressions mostly used in literature to estimate the tortuosity of certain types of porous structures [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] . In particular, we can observe that some correlations among (a), (b), (d), and (g) describe partially well some of the trends calculated in the present work, with the goodness of the matching depending on the porosity range. Specifically, the expression of Bruggeman [47] describes well the SC trend for a porosity down to ca. 0.1. On the other hand, the Millington correlation [49] , which is the same as that of Akanni et al. (1987) [53] , Ho and Strieder (1981) [54] , van Brakel and Heertjes (1974) [51] and Weissberg (1963) [52] , represents satisfactorily the BCC trend in almost the whole porosity range and the FCC one within [0. 25, 1] . All trends are well described by the Neale and Nader [27] theoretical expression within [0.55, 1]. Differently, the correlations (c), (e), and (f) do not represent satisfactorily any of the tortuosity trends calculated in the present work.
In order to check the existence of possible similarities among the different structures, from the concept of limit porosity, we can define what is called here "Effective Porosity" (ε Eff ) as the difference between the nominal porosity and the limit porosity (Equation (10)), the tortuosity trend of all the considered structures will tend to infinity for ε Eff tending to zero. Figure 12 . Overall comparison among the considered structures and several empirical expressions from the literature (see Table 3 ) [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] . The trends are shown in two plots for a better readability. 
Cation-exchange resin membrane Mackie and Meares (1955) [44] However, the so-defined Effective Porosity has the drawback that it is not comprised between zero and unity. Therefore, analogously to what done by Pisani (2011) [24] and Caravella et al. (2012) [25] for non-overlapping particles, we can define here a Normalized Effective Porosity ε * E f f ranging within [0,1] by subtracting the limit volume from both total and void volume (Equation (11)):
It can be noticed that, for ε Min equal to zero, the nominal porosity ε and the normalized effective porosity ε * E f f are coincident. The functionality of tortuosity τ with ε * E f f is shown in Figure 13 for all the structures considered. The normalized data representation allows recognition of similarities and differences among structures. In particular, we notice that all structures show the same trend for a ε * E f f values higher than around 0.55, whereas the behaviour of the FCC, BCC, and Tetragonal structures is very similar in a wider range (higher than around 0.2). Therefore, the morphological difference is more relevant in the range of lower ε * E f f , in which tortuosity is very sensitive to the particular shape of the void channels. From tortuosity, we can finally plot the trend of connectivity factor ϕ ( Figure 14) . It is also noticeable that the equation developed by Neale and Nader represents an upper bound for connectivity of all structures, this being expected from Figure 11 . However, it is interesting to find out the morphological reasons for that.
Specifically, the virtual structure considered by Neale and Nader is peculiar, as it is ideally composed of non-overlapping spherical particles with an infinitely-disperse size, which means that porosity can progressively decrease by adding smaller and smaller particles that progressively fill the voids. In such an ideal morphology, the structure shows voids being completely interconnected even closely to the zero-porosity condition and, thus, connectivity should be the maximum possible, representing an upper bound in a {ϕ vs. ε} plot for all structures.
Concerning the particular trends of the structures, FCC and BCC show almost the same connectivity factor from a porosity value higher than ca. 0.25, whilst the same occurs for the SC and Tetragonal structures for porosity higher than ca. 0.55. All curves tend to zero for porosity tending to the respective limit values. In particular, the structure with the highest connectivity among the considered ones, at least in the low-porosity range, is the BCC structure, whereas the tetragonal structure shows the lowest connectivity degree at the same porosity. 
Conclusions
In this work, a novel general definition of connectivity factor was proposed to measure the connection degree of the inner voids of a porous structure. Specifically, the connectivity factor was defined as the inverse of tortuosity, which was evaluated as a function of porosity for several regular isotropic structures of spherical particles in both non-overlapping and overlapping cases by computational fluid dynamics techniques. The considered structures are as follows: Simple Cubic (SC), Body-Centred Cubic (BCC), Face-Centred Cubic (FCC), and Tetragonal structure (i.e., mono-disperse CaF 2 -type), whose morphology was deeply analysed.
A novel morphological parameter, the here-called Limit Porosity Value (ε Lim ), was identified and evaluated numerically for each structure considered. Such a parameter represents the porosity value below which all the inner voids are completely disconnected from each other, which corresponds to a condition of infinite tortuosity and, thus, zero connectivity.
After providing a comparison between the tortuosity trends calculated in the present work and some correlations of literature, the connectivity of all of the considered structures was calculated as a function of porosity. Such a trend has revealed that the connectivity of the BCC structure is the highest among the analysed structures, followed by FCC and SC, which show similar trends in the extreme limit values of porosity close to unity and close to zero. Within these limits, the connectivity of the FCC structure is found to be higher than SC. We highlight that, interestingly, they show a very similar value of ε Lim . As for the tetragonal structure, it was found to show the lowest connectivity with respect to the others.
The proposed approach, which is applicable also to studies where tortuosity is evaluated experimentally, represents a systematic and general methodology to easily define and measure the connectivity degree of whatever structure, providing a powerful tool for morphological investigation on porous media membranes.
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